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Black phosphorus (BP), a layered van der Waals material, reportedly has a band gap sensitive to
external perturbations and manifests a Dirac-semimetal phase when its band gap is closed. Previous
studies were focused on effects of each perturbation, lacking a unified picture for the band-gap
closing and the Dirac-semimetal phase. Here, using pseudospins from the glide-reflection symmetry,
we study the electronic structures of mono- and bilayer BP and construct the phase diagram of the
Dirac-semimetal phase in the parameter space related to pressure, strain, and electric field. We find
that the Dirac-semimetal phase in BP layers is singly connected in the phase diagram, indicating
the phase is topologically identical regardless of the gap-closing mechanism. Our findings can be
generalized to the Dirac semimetal phase in anisotropic layered materials and can play a guiding
role in search for a new class of topological materials and devices.
PACS numbers: 73.22.-f, 71.30.+h, 71.55.Ak, 73.21.-b
Two-dimensional (2D) materials have attracted much
attention in applications and theories, since graphene was
found to be easily producible through mechanical exfolia-
tion. Graphene now becomes the typical example for the
2D Dirac semimetal with the linear band structure and
high mobility. However, without a band gap, graphene
has a limitation in applications for optical or switching
devices. On the other hand, another group of 2D ma-
terials, such as transition-metal dichalchogenides, have
intermediate band gaps and show applicability to elec-
tronic devices. Recently, black phosphorus (BP) [1], an
allotrope of phosphorus, gains lots of attention as a new
2D layered system [2–4]. BP has a thickness-dependent
band gap varying from 0.3 eV for the bulk [5–8] up to
∼ 2 eV for the monolayer [6, 9–11], and it is remarkable
with the emergence of the Dirac-semimetal phase [12–21]
and the quantum Hall effect at low temperature [22].
BP has a layered puckered-honeycomb structure, as
shown in Fig. 1 [23–25]. The interlayer interaction is
mainly van der Waals interaction [26, 27], which makes
the bulk sample easily cleaved to few-layered 2D sam-
ples. BP layers have strong in-plane anisotropy in the
atomic structure, resulting in anisotropic electrical con-
duction [4, 7, 8, 28–30]. The band gap of BP is con-
trollable by various external parameters such as pressure
[5, 6, 8, 17, 18, 31], electric field [14, 16, 32, 33], and
potassium doping [12, 13]. Very recently, BP is found to
become a Dirac semimetal when its gap is closed [12–18],
making a strong contrast with other 2D semiconducting
materials. Electronic structures of BP have been studied
successfully by tight-binding methods [6, 34, 35], density-
functional methods [12–16, 18, 27, 28, 31, 32, 34, 35], and
the GW method [34, 35]. However, a unified picture for
the band-gap closing method and the Dirac-semimetal
phase in BP layers is still lacking.
In this letter, we investigate key ingredients of BP to
obtain a unified picture for the band-gap closing and
the Dirac-semimetal phase. The gap-closing condition
FIG. 1: (Color online) Atomic structure of bilayer BP. Red,
orange, and blue bonds denote the intralayer hopping energy
along the zigzag and armchair directions (tzz and tac) and
the interlayer hopping energy (t⊥), respectively. The vertical
red dotted plane denotes the glide-reflection symmetric plane.
Each horizontal plane may have a different potential energy
due to a vertical electric field. µc and µl are intra- and inter-
layer potential difference, respectively. The number at each
phosphorus atom is for the basis index in the unit cell.
is obtained in the parameter space of Hamiltonian that
is related to pressure, strain, and external electric fields.
From the glide-reflection (GR) symmetry of BP, pseu-
dospins are derived, which guarantee a massless Dirac
Hamiltonian when the band gap is closed. In each layer,
the band gap can be closed by reducing the anisotropy of
the intralayer hopping, while the interlayer coupling nar-
rows the band gap in multilayer BP. We also find intra-
and interlayer potential differences have opposite effects
so that a perpendicular electric field does not decrease
the band gap in the monolayer while it reduces the gap in
the multilayer. Obtained phase diagrams show that the
Dirac semimetal phase in BP layers is topologically iden-
tical regardless of the gap-closing method despite some
difference in detailed electronic band structures.
Layered BP has four P atoms in the unit cell, as in-
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2dexed in Fig. 1. For a tight-binding model, one orbital
per P atom can describe the electronic structure near
the band gap [35]. Based on the tight-binding param-
eters extracted from the GW calculation [35], we con-
struct a simple Hamiltonian which includes the nearest-
neighbor intralayer hopping energies, tzz = −1.486 eV
and tac = 3.729 eV, along the zigzag and armchair
directions, respectively, and the nearest-neighbor inter-
layer hopping energy t⊥ = 0.524 eV. Although we
use these parameters to describe pristine BP systems,
our major findings are valid independently of their de-
tailed values. For the monolayer, the Hamiltonian in
the momentum space is H =
∑
k Ψ
†
kHˆkΨk with Ψ
†
k =[
e−ikyd1c†1,k, c
†
2,k, e
−ikyd1c†3,k, c
†
4,k
]
,
Hˆk=

µc 2tzzcos
kxa
2 0 tace
ikyb/2
2tzzcos
kxa
2 µc tace
−ikyb/2 0
0 tace
ikyb/2 −µc 2tzzcos kxa2
tace
−ikyb/2 0 2tzzcos kxa2 −µc
. (1)
Here, c†i,k(ci,k) is the electron creation (annihilation) op-
erator of the orbital at the ith P atom in the unit cell with
the momentum k, and a and b are the unit-cell lengths
along the zigzag (x) and armchair (y) directions, respec-
tively. d1 is the y-coordinate difference of the first and
second atoms. We also introduce a puckering potential
energy, µc, which can be controlled by an electric field
perpendicular to the BP plane.
BP has a glide-reflection (GR) symmetry with respect
to the plane at the middle of the zigzag chain as shown
by the red dotted plane in Fig. 1. This symmetry exists
regardless of the number of layers and even with perpen-
dicular electric fields that generate nonzero intra- and
interlayer potential differences. As the GR operator com-
mutes with Hamiltonian, it is the Dirac-cone protecting
nonsymmorphic symmetry [36] of gap-closed mono- and
multilayer BP.
Using the GR symmetry, the Hamiltonian (S2) is
block-diagonalized by a pseudospin representation [see
Supplemental Material]:
Hˆk,1 = (D + 2 tzz cos
kxa
2
) σˆx + tac sin
kyb
2
σˆy,
Hˆk,2 = (D − 2 tzz cos kxa
2
) σˆx − tac sin kyb
2
σˆy, (2)
with D =
√
µ2c + t
2
ac cos
2(kyb/2). Here, σˆx and σˆy
in Hˆk,i are Pauli matrices with respect to the pseu-
dospinors. Energy bands from Hˆk,1 and Hˆk,2 are
Ek,1,± =±
√
{D+2tzz cos(kxa/2)}2+t2ac sin2(kyb/2) and
Ek,2,± = ±
√
{D−2tzz cos(kxa/2)}2+t2ac sin2(kyb/2), re-
spectively. Because D ≥ 0 and tzz < 0, the energy gap
is determined by Hˆk,1.
Figure 2 shows our tight-binding band structures for
different parameters. As seen in Fig. 2(a), pristine mono-
layer BP has a direct band gap at Γ in the Brillouin zone
FIG. 2: (Color online) Tight-binding band structures near
Γ in monolayer BP for (a) pristine, (b) tac/|tzz| = 2.0, and
(c) tac/|tzz| = 1.8. (d) Phase diagram of monolayer BP. For
overall band structures along high-symmetry lines, see Fig. S1
in Supplemental Material.
(BZ). Near Γ, the Hamiltonian Hˆk,1 in (2) can be ap-
proximated as
Hˆk,1 ∼=
(1
2
Eg+
~2k2x
2mx
+
~2k2y
2my
− ~
2v2yk
2
y
Eg
)
σˆx+~vykyσˆy, (3)
where the energy gap Eg = 2
√
µ2c + t
2
ac+4tzz, the zigzag
effective mass mx = −2~2/(tzza2), the armchair effective
mass my = −~2Eg
√
µ2c + t
2
ac/(tzzt
2
acb
2), and the arm-
chair velocity vy = tacb/(2~). The expression (3) is valid
for positive or negative Eg. For zero Eg, all k
2
yσˆx terms
should be neglected together with Eg. The band disper-
sions in ΓY, that is, the armchair direction from Γ, are
Ek,1,± ' ±
√
E2g/4 + |tzz|t2acb2k2y/(2
√
µ2c + t
2
ac), (4)
which are hyperbola whose asymptotic lines are E =
±
√
t2acb
2|tzz|/(2
√
µ2c + t
2
ac) ky.
Monolayer BP is a honeycomb lattice in the sense that
every P atom has three nearest neighbors. In the hon-
eycomb lattice, an energy gap exists if the absolute val-
ues of the hopping energies to the three nearest neigh-
bors cannot form a triangle [37–40]. In the case of pris-
tine BP, µc = 0 and there is a finite energy gap of
Eg = 1.514 eV > 0. This nonzero band gap is con-
sistent with the triangular criterion, that is, monolayer
BP is semiconducting because the hopping energy along
the armchair direction is greater than twice the absolute
3value of the hopping energy along the zigzag direction.
If tac decreases or |tzz| increases, Eg will decrease. Thus,
a way to modify the energy gap in BP layers is to ap-
ply pressure or strain which can change bond angles and
bond lengths and thereby the intralayer hopping energies.
The above triangular criterion is modified when an ex-
ternal electric field is applied. We define a gap-closing
parameter including the puckering potential energy µc,
β1 ≡
∣∣∣∣ tac2tzz
∣∣∣∣
√
1 +
µ2c
t2ac
. (5)
Then, monolayer BP has a finite energy gap when β1 > 1,
as in the case of the pristine monolayer [Fig. 2(a)], and
the gap vanishes when β1 ≤ 1. At the moment of the gap
closing (β1 = 1), the Hamiltonian Hˆk,1 becomes highly
anisotropic Dirac Hamiltonian
Hˆk,1 ∼= ~
2k2x
2mx
σˆx + ~vykyσˆy, (6)
which results in a linear dispersion in the armchair direc-
tion (ΓY) and quadratic one in the zigzag direction (ΓX)
[Fig. 2(b)]. This corresponds to the single merged Dirac
point of the two separate Dirac points [41].
When β1 < 1, monolayer BP is metallic, with the va-
lence and conduction bands touching each other at finite
momenta (±kD, 0) in the ΓX line [Fig. 2(c)]. From the
condition that Ek,1,+ = Ek,1,−, we obtain
kD = (2/a) cos
−1β1. (7)
Near the crossing point, (kD, 0), the Hamiltonian Hˆk,1
can be written as a massless Dirac particle,
Hˆk,1 ∼= ~vx(kx − kD)σˆx + vykyσˆy, (8)
where vx = −(tzza/~) sin(kDa/2) = −(tzza/~)
√
1− β21 .
Thus, (±kD, 0) are Dirac points with anisotropic linear
bands E±(k) = ±~
√
v2x(kx − kD)2 + v2yk2y. Perpendicu-
lar electric field can generate µc, which re-opens the gap
if it is large enough to make β1 > 1. Now the phase di-
agram is constructed according to (5) in the parameter
space of (tac, µc)/|tzz| [Fig. 2(d)].
The pseudospin representations of the conduction- and
valence-band states are 1√
2
(1, eiφ) and 1√
2
(1,−eiφ), re-
spectively, when the Hamiltonian Hˆk,1 in (2) is expressed
as Hˆk,1 = Ek,1,+(cosφ σˆx + sinφ σˆy). Then, the expecta-
tion value of the pseudospin vector, ~σ, for a conduction-
band state is 〈~σ〉 = 〈(σˆx, σˆy, σˆz)〉 = (cosφ, sinφ, 0), which
lies in the xy-plane in our representation. Figure 3 shows
the calculated 〈~σ〉 of the conduction and valence bands.
We find that the y-component 〈σˆy〉 of each band always
changes the sign by the reflection across x-axis, that is
〈σˆy(kx, ky)〉 = −〈σˆy(kx,−ky)〉 (9)
FIG. 3: (Color online) Pseudospin expectation values of
conduction and valence bands in BZ for (a) the semiconduct-
ing, (b) the highly anisotropic Dirac semimetallic, and (c)
the Dirac semimetallic phase. Colored dots in (b) and (c) are
Dirac points.
in the semiconducting [Fig. 3(a)] as well as Dirac-
semimetallic phases [Figs. 3(b) and (c)]. This sign-
reversal reduces the back scattering of charge carriers
moving along the armchair direction, enhancing their mo-
bility even at the semiconducting phase, unless impurities
or defects produce very abrupt potential. After the gap
closing, the pseudospin becomes chiral around the Dirac
points [Fig. 3(c)], enhancing the mobility in all directions.
BP has weak spin-orbit coupling (SOC) and the first-
principles calculation showed that SOC takes place as
HˆSOC = λSOCSˆxσˆy in the low-energy effective Hamilto-
nian [13], where λSOC is a constant and Sˆx is the x-
component of the real spin. Since this term does not
break the GR symmetry, the Dirac point in semimetallic
BP layers is still protected and only shifted in the ky-
direction. To open a band gap at the Dirac point, we
need a mass term, which adds a σˆz term to (8). If the
mass term is simply a constant times σˆz, BP layers be-
come a trivial insulator. However, if one can introduce,
for example, a momentum-dependent mass term like
HM = λM sin(kxa)σˆzSz, (10)
it generates a topologically nontrivial energy gap at the
Dirac point [42]. Realization and control of such pertur-
bation in BP is of great interest because it will enable a
topologically trivial-to-nontrivial phase transition.
Now we consider bilayer BP. We generalize the oper-
ator ci,k to ci,k,j , where j = 1, 2 indicates the first and
second layer in the bilayer, and similarly Ψk to Ψk,j .
Then, the Hamiltonian of the bilayer is
H =
∑
k
{
Ψ†k,1
(
Hˆk + µl
)
Ψk,1 + Ψ
†
k,2
(
Hˆk − µl
)
Ψk,2
+ Ψ†k,1VˆkΨk,2 + Ψ
†
k,2Vˆ
†
kΨk,1
}
, (11)
4FIG. 4: (Color online) Tight-binding band structures near
Γ in bilayer BP for (a) pristine, (b) µl/|tzz| = 0.41, (c)
µl/|tzz| = 1.0, (d) tac/|tzz| = 2.05, and (e) t⊥/|tzz| = 0.95.
(f) Phase diagram of bilayer, where the dark region is the
Dirac semimetal. For overal band structures along high-
symmetry lines, see Fig. S2 in Supplemental Material.
where Hˆk is the intralayer Hamiltonian (S2), µl is half of
the difference in the average potentials of the two layers,
and Vˆk is due to the interlayer hopping. We assume that
the first layer is placed on top of the second layer so
that the third and fourth P atoms of the first layer are
the nearest neighbors of the first and second P atoms
of the second layer, as shown in Fig. 1. Then, Vˆk is a
4×4 matrix
(
0ˆ 0ˆ
νˆk 0ˆ
)
with νˆk = 2t⊥ cos kxa2 (cos
kyb
2 σˆx−
sin
kyb
2 σˆy) and 0ˆ is 2× 2 zero matrix.
Figures 4(a)-(e) show our tight-binding band struc-
tures of bilayer BP. Due to the GR symmetry of the
lattice, the band-gap closing occurs at a point in the ΓX
line in BZ [43]. For ky = 0, one can exploit the GR sym-
metry and obtain the lowest conduction-band energy Ec
and the highest valence-band energy Ev in the ΓX as
Ec,v(kx) = ±2tzz cos(kxa/2)±
√
Pkx − 2
√
Qkx (12)
where + and − are for conduction band and valenece
band, respectively, Pkx = 2t
2
⊥ cos
2(kxa/2)+t
2
ac+µ
2
l +µ
2
c ,
and Qkx = t
2
act
2
⊥ cos
2(kxa/2) + t
2
acµ
2
l +{t2⊥ cos2(kxa/2)−
µlµc}2. Then the Dirac point kD is determined by the
condition Ec(kD) = Ev(kD). For the simplicity, we ne-
glect µc, since µc has a smaller value than µl at an applied
electric field. When µc = 0, we define the gap-closing pa-
rameter β2 of bilayer BP as
β2 =
√
2t2zz(t
2
ac + µ
2
l )− t2⊥µ2l −
√
F
8t2zz(t
2
zz − t2⊥)
(13)
with F = 4t2zzt
2
ac(t
2
⊥t
2
ac + 4t
2
zzµ
2
l − 3t2⊥µ2l ) + t4⊥µ4l . When
β2 > 1, bilayer BP is semiconducting with a direct band
gap at Γ. When β2 < 1, bilayer BP is metallic with Dirac
points at (±kD, 0) given by
kD = (2/a) cos
−1β2. (14)
In the case of pristine bilayer, β2 > 1 so that it is semicon-
ducting, as shown in Fig. 4(a). Here, due to the interlayer
coupling t⊥, the gap is smaller than in the monolayer.
The interlayer potential energy difference µl, which can
be generated by applied electric field, decreases the en-
ergy gap of bilayer BP. As shown in Figs. 4(b) and (c),
the increase of µl can close the band gap and induce
the Dirac-semimetal phase. This is in contrast with the
puckering potential energy µc that acts against the gap
closing although µc is also generated by an electric field.
Figures 4(d) and (e) show the band-gap closing by re-
ducing the armchair hopping and by increasing the inter-
layer hopping, respectively. Compared with these bands,
the field-induced band structure in Fig. 4(c) displays non-
monotonous dispersions of the conduction and valence
bands in the ΓY line, where a minimum of their band-
energy difference occurs away from Γ.
In bilayer BP, the interlayer coupling t⊥ decreases β2
of (13), making the Dirac point appear more easily in bi-
layer than monolayer. Since the GR symmetry exists in
multilayer BP, t⊥ does not mix different pseudospins of
each layer, but it widens each band, resulting in a smaller
band gap in a thicker BP layer. When the band gap is
closed, the band dispersions from Γ to Y in Fig. 4(e)
are monotonous similarly to the case of the armchair-
hopping reduction [Fig. 4(d)], in contrast with the non-
monotonous behavior in Fig. 4(c), as mentioned above.
Applied pressure can contribute to the band-gap reduc-
tion and closing since it enhances the interlayer coupling
by decreasing the interlayer distance.
From (13), we obtained the phase diagram of Dirac
semimetal for bilayer BP in the three-dimensional pa-
rameter space of (tac, µl, t⊥)/|tzz|, as shown in Fig. 4(f).
Here the parameters tac, µl, and t⊥ are changeable by
strain, pressure, and electric fields, as discussed above.
We find that the region for the Dirac semimetal phase
is continuously connected [Fig. 4(f)], indicating that the
Dirac-semimetal phase is topologically identical regard-
less of the gap-closing method.
5In summary, we obtained a unified picture on the Dirac
semimetal phase of BP layers. Phase diagrams are ob-
tained for mono- and bilayer BP in the parameter space of
the Hamiltonian. Phase-controlling parameters are iden-
tified to be (i) the anisotropy of the intralayer hopping,
which can be changed by pressure or strain, (ii) the in-
terlayer hopping, which can be enhanced by pressure,
and (iii) the interlayer potential energy difference, which
can be generated by electric fields. Pseudospins, orig-
inating from the glide-reflection symmetry of BP, exist
even in the semiconducting phase and assure the Dirac-
semimetal phase when the band gap is closed. The Dirac-
semimetal phase in BP layers is singly connected in the
parameter space, indicating it is of the same kind re-
gardless of the gap-closing method. Our findings can be
generalized to the Dirac-semimetal phase in anisotropic
layered materials and can play a guiding role in search
for a new class of topological materials and devices.
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Derivation of Dirac Hamiltonian for
monolayer black phosphorus
Our tight-binding Hamiltonian for the monolayer BP
is expressed with local bases as
H=
∑
R
{
tzz
(
c†1,Rc2,R + c
†
1,Rc2,R+axˆ
+ c†3,Rc4,R + c
†
3,Rc4,R−axˆ + h.c
)
+tac
(
c†2,Rc3,R + c
†
1,R+byˆc4,R + h.c
)
(S1)
+µc
(
c†1,Rc1,R+c
†
2,Rc2,R−c†3,Rc3,R−c†4,Rc4,R
)}
.
Here, c†i,R(ci,R) is the electron creation (annihilation)
opearator of the orbital at the ith P atom in the unit
cell at R, and a and b are the unit-cell lengths along the
zigzag and armchair directions, respectively. Here we set
the x- and y-axis along zigzag and armchair direction,
respectively. To obtain electric band structure, we define
ci,k =
1√
N
∑
R ci,Re
ik·(R+ri), where ri is the position of
the ith basis within the unit cell and N is the number of k
vectors. By Fourier transformation of H =
∑
k Ψ
†
kHˆkΨk
with Ψ†k =
[
c†1,ke
−ikyd1 , c†2,k, c
†
3,ke
−ikyd1 , c†4,k
]
, we obtain
the momentum representation Hˆk of (S1) as
Hˆk=

µc 2tzzcos
kxa
2 0 tace
ikyb/2
2tzzcos
kxa
2 µc tace
−ikyb/2 0
0 tace
ikyb/2 −µc 2tzzcoskxa2
tace
−ikyb/2 0 2tzzcoskxa2 −µc
,(S2)
which is Eq. (1) of the main text.
To find a necessary condition for a pseudospin basis,
we suppose the low-energy effective Hamiltonian of (S2)
can be written as a Dirac Hamiltonian with a linear dis-
persion in y-direction at ky = 0. Then, it is written as
Hˆeffk ' · · ·+ vykyσˆy + · · · , (S3)
in terms of a pseudospin basis. Here σˆy is the Pauli ma-
trix whose basis represents a pseudospin in the BP sys-
tem. If a symmetry operation preserves the Dirac Hamil-
tonian and transforms ky to −ky, the symmetry opera-
tion should transform the pseudospin Sy to −Sy. For
monolayer BP, the glide-refleciton (GR) operator TGR,
associated with the GR symmetry plane in Fig. 1 of the
main text, can be written as
TGR = e
−ipy d12 eiX
pi
2 eipy
d1
2 eipx
a
2 , (S4)
where X, px, and py operators are
X ≡
∑
kνν′
ηνν′c
†
ν,(kx,−ky)cν′,(kx,ky),
px ≡
∑
kν
kxc
†
ν,(kx,ky)
cν,(kx,ky),
py ≡
∑
kν
kyc
†
ν,(kx,ky)
cν,(kx,ky),
respectively. Here ηνν′ = 1 for (ν, ν
′) = (1, 2), (2, 1),
(3, 4), and (4, 3), and it is zero otherwise. The Hamil-
tonian (S2) is symmetric under the glide-reflection oper-
ation and contains odd function of ky in its matrix ele-
ments. Therefore, for the Hamiltonian to be written as
a Dirac Hamiltonian in a pseudospin representation, the
pseudospin operator should have the following symmetric
property under the glide-reflection operator:
TGRSxT
†
GR = Sx,
TGRSyT
†
GR = −Sy. (S5)
Here, Si ≡
∑
σσ′ν χ
†
σ,ν(σˆi)σσ′χσ′,ν is a pseudospin opera-
tor for i = x, y, z and χσ,ν is a pseudospinor for σ =↑, ↓.
Since we have four bases in a unit cell, we have two or-
thogonal pseudospins which are distinguished by the in-
dex ν = 1, 2. These symmetry conditions correspond to
the following symmetric operation on the pseudospinors:
TGRχσ,νT
†
GR = e
iθχ−σ,ν , (S6)
where the minus sign on σ means the opposite spin. The
constant phase factor θ is independent of σ and ν.
Now we assume the pseudospin state can be written in
terms of the basis function in the unit cell,
χσ,ν = aσν,1c1,ke
ikyd1 + aσν,2c2,k
+ aσν,3c3,ke
ikyd1 + aσν,4c4,k. (S7)
The basis functions in the unit cell are transformed by
the glide-reflection operator in the following way:
TGR c
†
1,(kx,ky)
T †GR = ie
ikxa/2eikyd1 c†2,(kx,−ky),
TGR c
†
2,(kx,ky)
T †GR = ie
ikxa/2e−ikyd1 c†1,(kx,−ky),
TGR c
†
3,(kx,ky)
T †GR = ie
ikxa/2eikyd1 c†4,(kx,−ky),
TGR c
†
4,(kx,ky)
T †GR = ie
ikxa/2e−ikyd1 c†3,(kx,−ky).(S8)
7FIG. S5: Tight-binding band structures along high-symmetry lines in monolayer BP for (a) the pristine case, (b) tac reduced
to 2|tzz|, (c) tac reduced to 1.8|tzz|, and (d) tac reduced to 1.8|tzz| together with µc set to 0.9|tzz|. In (b)-(d), orange dashed
lines are asymptotic lines. The inset in (a) shows the high-symmetry lines in the two-dimensional Brillouin zone. The insets in
(b) and (d) enlarge band dispersions near Γ.
Using (S6), (S7), (S8), and an orthogonal condition
χσ,νχ
†
σ′,ν′ + χ
†
σ′,ν′χσ,ν = δσσ′δνν′ , the pseudospin states
can be written as
χ↑,1 = sin θ1 sin θ2 c1,ke
ikyd1 + cos θ1 cos θ2 c2,k
− sin θ1 cos θ2 c3,keikyd1 + cos θ1 sin θ2 c4,k,
χ↓,1 = cos θ1 cos θ2 c1,ke
ikyd1 + sin θ1 sin θ2 c2,k
+ cos θ1 sin θ2 c3,ke
ikyd1 − sin θ1 cos θ2 c4,k,
χ↑,2 = cos θ1 sin θ2 c1,ke
ikyd1 − sin θ1 cos θ2 c2,k
− cos θ1 cos θ2 c3,keikyd1 − sin θ1 sin θ2 c4,k,
χ↓,2 = sin θ1 cos θ2 c1,ke
ikyd1 − cos θ1 sin θ2 c2,k
+ sin θ1 sin θ2 c3,ke
ikyd1 + cos θ1 cos θ2 c4,k,(S9)
where θ1 and θ2 are real numbers which are not deter-
mined yet. Now we block-diagonalize the Hamiltonian
(S2) into two 2× 2 matrices using the pseudospin states.
We determine θ1 and θ2 to satisfy
〈χσ,1|Hˆk|χσ′,2〉 = 〈χσ,2|Hˆk|χσ′,1〉 = 0 (S10)
for σ =↑, ↓ and σ′ =↑, ↓. This condition yields
tan(2θ1) = µc/(tac cos(kyb/2)),
θ2 = pi/4. (S11)
Thus, the pseudospinors are related to the four atomic
orbitals in the unit cell as
χ↑,1 = ( sin θk c1,ke
ikyd1 + cos θkc2,k
− sin θk c3,keikyd1 + cos θkc4,k )/
√
2,
χ↓,1 = ( cos θk c1,ke
ikyd1 + sin θkc2,k
+ cos θk c3,ke
ikyd1 − sin θkc4,k )/
√
2,
χ↑,2 = ( cos θk c1,ke
ikyd1 − sin θkc2,k
− cos θk c3,keikyd1 − sin θkc4,k )/
√
2,
χ↓,2 = ( sin θk c1,ke
ikyd1 − cos θkc2,k
+ sin θk c3,ke
ikyd1 + cos θkc4,k )/
√
2 (S12)
with sin(2θk) = µc/D, cos(2θk) = (tac/D) cos(kyb/2),
and D =
√
µ2c + t
2
ac cos
2(kyb/2). We define pseudospinor
vector Xˆ†k = [χ
†
↑,1,k, χ
†
↓,1,k, χ
†
↑,2,k, χ
†
↓,2,k]. Then its rela-
tion to Ψˆk can be expressed as
Xˆk = UˆkΨˆk, (S13)
using a unitary matrix
Uˆk =
1√
2

sin θk cos θk − sin θk cos θk
cos θk sin θk cos θk − sin θk
cos θk − sin θk − cos θk − sin θk
sin θk − cos θk sin θk cos θk
.(S14)
These pseudospin bases block-diagonalize the Hamilto-
8FIG. S6: Tight-binding band structures along high-symmetry lines in bilayer BP for (a) the pristine case, (b) µl set to 0.41|tzz|,
(c) µl set to |tzz|, (d) tac reduced to 2.05|tzz|, and (e) t⊥ increased to 0.95|tzz|. The inset in (a) shows the high-symmetry lines
in the two-dimensional Brillouin zone. The inset in (b) enlarges the band dispersions near Γ. (f) Region of the Dirac-semimetal
phase in the parameter space of (tac, µl, t⊥)/|tzz|. In (f), the parameter space is larger than that in Fig. 4(f) in the main text
which covers tac ≥ 0, µl ≥ 0, and t⊥ ≥ 0 only.
nian (S2) to two 2× 2 blocks:
UˆkHˆkUˆ
†
k=

0 f+k −igk 0 0
f+k +igk 0 0 0
0 0 0 f−k +igk
0 0 f−k −igk 0
 (S15)
with
f±k =
√
µ2c + t
2
ac cos
2(kyb/2)± 2tzz cos(kxa/2),
gk = tac sin(kyb/2).
Now we have two Dirac-type Hamiltonians
Hˆk,1 = f
+
k σˆx + gk σˆy,
Hˆk,2 = f
−
k σˆx − gk σˆy, (S16)
which correspond to Eq. (2) of the main text. These
Dirac-type Hamiltonians are valid in the semiconducting
phase as well as the Dirac-semimetal phase.
Tight-binding band structures along
high-symmetry lines
Figures S1 and S2 show overall electronic band struc-
tures along high-symmetry lines in mono- and bilayer
black phosphorus (BP) obtained from our tight-binding
model described in the main text. Figures S1 and S2 cor-
respond to Figs. 2 and 4 in the main text, respectively.
